Mesh shape and anisotropic elements : theory and practice by Apel, Th. et al.
This is a repository copy of Mesh shape and anisotropic elements : theory and practice.
White Rose Research Online URL for this paper:
http://eprints.whiterose.ac.uk/1869/
Book Section:
Apel, Th., Berzins, M., Jimack, P.K. et al. (4 more authors) (2000) Mesh shape and 
anisotropic elements : theory and practice. In: Whiteman, J.R., (ed.) The Mathematics of 
Finite Elements and Applications X : Proceedings of the Tenth Conference on The 
Mathematics of Finite Elements and Applications (MAFELAP 1999), Middlesex, UK, 22-25 




Unless indicated otherwise, fulltext items are protected by copyright with all rights reserved. The copyright 
exception in section 29 of the Copyright, Designs and Patents Act 1988 allows the making of a single copy 
solely for the purpose of non-commercial research or private study within the limits of fair dealing. The 
publisher or other rights-holder may allow further reproduction and re-use of this version - refer to the White 
Rose Research Online record for this item. Where records identify the publisher as the copyright holder, 
users can verify any specific terms of use on the publisher’s website. 
Takedown 
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by 
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request. 
   
 
 
White Rose Consortium ePrints Repository 
http://eprints.whiterose.ac.uk/ 
 
This is an author produced version of a chapter published in The Mathematics 
of Finite Elements and Applications X : Proceedings of the Tenth 
Conference on The Mathematics of Finite Elements and Applications 
(MAFELAP 1999), Middlesex, UK, 22-25 June 1999. 
 





Apel, Th., Berzins, M., Jimack, P.K., Kunert, G., Plaks, A., Tsukerman, I. and 
Walkley, M. (2000) Mesh shape and anisotropic elements : theory and practice. In: 
The Mathematics of Finite Elements and Applications X : Proceedings of the 
Tenth Conference on The Mathematics of Finite Elements and Applications 
(MAFELAP 1999), Middlesex, UK, 22-25 June 1999. Elsevier, Oxford, pp. 367-
376. ISBN 0080435688  
 
White Rose Consortium ePrints Repository 
eprints@whiterose.ac.uk 
 
        	 
  	    
 	      	 
     










































UI3 2Rl@ DCd$H.GCkEO01)E'CX&ÏAd%RCX3Y5huRy±WM#CX3[O01³y¤\m1B3H}O7H%²±WM#CX&B14Oo\DuXyVO7H%²58YCX$#%}uRy{C¾O7%'O0.CXH%wm.0uk3 1)5143m
O0.7u[wmM#E%w¡CR3#wd14O5qM#5o%1B3d%R5oO014A¾CXO01B3H 143[O0%'.7$#u@&QCRO01Bu@3d%'.7.0uk.V1Q5q1B&4&BM#58O7.GCXO7%RwL ÏH1Q51)5y¤u@&B&4uR%w}m\C
H.714%yEu@A$#CX.71Q58uk3V1BO0a5ou@Ad%Ku@O7H%'.Fm3HuRV3a%'&B%'Ad%'3WO{±ÍMYCX&41BOo\d143#w[1QE'CRO0u@.5 ];1B3#CX&B&4\W*H1B342Rlk =}O7H%
C@w:CX$HO714xW%K58uk&4MHO714u@3uXypC²@e m\[$#%'.0#uk&41QENO7%R58OV$H.7u@H&B%'A 1)5Euk3#581)wm%'.7%RwL pUOV1)5Vwm%'Aduk3#58O7.GCRO0%RwdO0YCXO
O0:%VM#58%uXy CX3H1)58u@O7.0uk$H1QEV%'&4%2Ad%'3[O05!E2CX3²14Ad$H.7uRxW%qO7H%58uk&4MHO714uk3}$H.7u[E%R575qO0:.0u@M:@²O0H%sC@wHw[14O01Bu@3>uRyC
xW%'.7\>581BAd$H&B%657Ë.0%Y3H%'Ad%'3[O8s58O0.CXO7%'@\>O7u>C Eu@3[xW%'3[O01Bu@3#CR&H1Q5ou@O0.7u@$H1)E95;:mI.7%#3H%'A%'3mO;8NCX&B@uk.014O7HAa 

















u@.wm%'.5o#CX$#%y¤M:3#EO01Bu@3#5^ vW%'xW%'.CX&_.0%#3:%'Ad%'3[Op58O0.CXO7%'@1B%R5CR.0%KEukAd$#CX.7%Rw}1B3 r ptË 
ABC*DFEG µ.u H%58uk&4MHO714uk3uXyYO0H%{58143:@MH&)CX.0&B\ $t%2.0O0M:.0#%Rw.7%RC@E^O014uk3mwm1ÉÈ_M#5o14u@3>$:.0u@:&4%'AvJxwzyLON-{
| N}P~R¢143TQP ÊËi0'lRÌ y *#NP i}uk3Z#TN*##%'#C'xW%R5V&414FW%²lKJ^*7>#%'143:dH%'.7%O0:%>wm1)58OGCR3#E%KO0u






 js 6%  ' 	$
 
 ;s$=`(#1.&ij$=  









143£O0:%¡%23H%'.0k\ 3:u@.0A &B14FW%  NJgN`   :! w   y   }u@3 C¡yËCXAd1B&4\auXy±ÍM#Ck581³IMH3:1Éy¤u@.7AAd%R5oH%R5^ 
"3H1)58u@O7.0uk$H1QE>.0%Y3H%'Ad%'3[ON1B3 O7H%d#u@MH3YwHCX.7\,&QC'\W%'.2*;Ck55oHuRV31B3,]14@M:.0%alk =|m*&4%RCkwH5O7uO7H%dO0:%
u@$HO714ADCR&;%2.0.0uk.N%R5oO014A¾CXO0%I   N JN!`  "#:! RÊw   y %$ {U:LÌ!rÉl@*"tI*'&el½idCX.7H14O7.GCR.014&B\a5oADCX&B&I NZ¢%










 NOJ,+  N- .- /
- 0 1320:- N  y - /- 0 
VH%'.7%%{wm%'3HukO0%pm\42NO7H%VCk58$#%REOP.CXO714uuXy_O0H%p%'&4%2Ad%'3[O65 CX3#w[\.87+ 9 - /
- 0 O0H%pM#58MYCX&#5o%'Ad143:u@.0A










 N J +
N- .- /






 .- /- 0  Ê7l@ BlXÌ
VH%'.7% :  CX.0%©58MH1BOGCRH&4\Dw[%#3H%RwD%'&4%2Ad%'3[O5o14/'%5NÊI58%2%>];1B@MH.7%dl@ ©y¤uk.NC²$tuf505o14H&B%>wm%Y3H14O714u@3_ÌG Z¢%
%'Ad$:#C@5o14/'% O0YCXOKC}.0%^#3H%Rw%R5oO01BADCXO7%u@3aO7H%>.0%^y¤%'.0%'3YE%%'&B%'Ad%'3[O1)53H%RE^%R5057CX.0\Dy¤u@. O0:%>$H.0uWuRyVuXy
58MYET²%R58O714ADCRO0%R5^*W58%2% r³l@*[rP¥HCRAd$H&4%|[ 4ljtI P+uk.0%'uRxW%'.2*@O0:%k%'u@Ad%2O0.0\KuXyO7H%%2&4%'Ad%23mO5 1)5.7%R58O7.01)EO0%Rw
[\dC>ADCX¥[14A¾CX&#CR3H@&B%E^u@3#wm1BO01Bu@3¢ÊI5o%'%KCX&Q5ou 2Rl@ }#%'&BuRNÌG `"3H1)58ukO0.0uk$H1QEN&Bu[E'CX&!1B3mO7%'.0$#u@&)CXO714u@3D%'.7.0uk.







O01Bu@3#5Nuk3	_ >UI3aO0H%|@e E'C@5o%DÊ0lk 4lXÌ1)5§xkCR&41Qw¡y¤uk. O0H%>VHuk&4%>.CX3Hk%}uRy
L* rÉlpFtI KuR%'xW%'.2*
143aO7H%²@e E'Ck58%²O0H%>%R5oO01BADCXO7%1Q5x@CR&41)w¡y¤u@. ÊI h|0FtPy¤uk.N1Q5ou@O0.7u@$H1)E~%2&4%'Ad%23mO5qHMHO uk3H&4\Dy¤u@.,ÊI| FtLy¤u@.CR3H1Q5ou@O7.0u@$:1QEN%'&4%2Ad%'3[OG5 H%'.0% 1)5VC>Eu@MH3[O0%2.0%'¥:CXAd$:&4%y¤u@.  |m*#58%2% r |tI `]Hu@.VO7H%
143[O0%2.0$#u@&)CXO01Bu@3duRy`&4%505q.7%'@M:&QCX.y¤M:3#EO01Bu@3#5uk3H%>E2CX3DM#58% Adu[w[1É#%RwDv[Eu@O7O8g##CX3H²143[O0%2.0$#u@&)CX3[OG5Kr³l tË 















CXOsO0H1)5O01BAd%W*H3Hud%2.0.0uk.N%R5oO014A¾CXO0uk.1)5hF[3HuRV3aO0YCXO #u@MH3#w:5§O7H%>%'.7.0u@.s.0%'&B1QCX:&4\}y¤.7u@A ¦#-G¬#.R¯>¦#/ -¯o³¬#0*143#w[%'$#%'3#wm%'3[O0&B\auXy O7H%DAd%R5o1!DCX3#w£O0H%5ou@&4M:O014uk3#5 N CR3#wN!@ £UI3£u@O7H%'.>pu@.Gw:5*O7H%
%È_%REO714x[14Oo\d1B3#wm%'¥°E'CX3H3:u@O #%}kM#CX.CX3[O0%'%RwaO0uD#%.dÊ7lXÌG ²H1)5N.GCXO7H%'. MH3#57CXO71Q5yËCkEO0uk.0\¢5o14O0MYCXO01Bu@3
E'CR3¡#%K143[O0%'.7$H.0%'O7%Rw>143DOou>VC'\:5 
2 U yO0:%d%'.0.7u@.K1Q5O0ua#ukMH3#wm%Rw y¤.7u@A CX#uRxW%CR3#w,#%'&4uR30P«4®:¬#4Í®6574[ªT®#¯^ªd¦X­G­748(¨#®Ë«Q¬#Í­Du@3
NN  91  *O0:%'3 O7H%DO8pu %2.0.0uk.}#ukMH3#wH5}YCxW%DO7u£Eu@3[OGCR143 wm1ÉÈ_%'.7%'3mO>O7%'.0A¾5 £%'3YE%¢®0P¬
 js 6%  ' 	$
 
 ;s$=`(#1.&ij$=  
%'.7.0u@.V%58O01BADCXO7u@.5qukMH&QwD#%.7%R±WMH14.7%RwL*muk3H%Ny¤u@.%RC@EGd#u@M:3#wL 






$H.0ukH&4%2A ÊI5o%'%N%W H #rP¥HCRAd$H&B%l uXy`O7H% $H.0%2xm1Bu@M#5V5o%REO01Bu@3LÌ 
vW14%2t%2.0O rÉl ;pt:Euk3#581)wm%'.G5ÏCX3H1)58u@O7.0uk$H1QE ªG"̄®I¦# #4 o ¦Wª

 48-G¬W« W¦po#¬Wª;¨_ª«É­7(>¦@®Ë«qAd%58H%R5CX3Yw>wm%'.01BxW%R5
CªG¯0­2« #4[¦poP¯^ªª7¬Wª¯0­^®Ë«(>¦@®I¬Wª[\dAd%RCk58MH.7143H©CX3#wp%'14kmO7143H>O7H% .0%R5o1QwmMYCX&Q5NÊ¤1I %W mk.GC@w[14%'3[O0M:Ad$#5
CX3#w,%'&B%'Ad%'3[O.0%R5o1QwmM#CR& Ì au¢5o$t%E1É_E²C@5758MHA$HO01Bu@3#5 u@3UNN!p91!d@MYCX.GCR3mO7%'%DCk&4u@YCX&M:$H$#%'.
CX3#wC&4u[E'CR&;&BuR%'.p%'.0.7u@.V#u@MH3Yw143dO7H% %'3H%'.7@\d3Huk.0Aa 
UI3a<NMH3H%'.7O rÉl^ptË*LC¢ªT¯7­2« #4m¦poP¯^ª^ª0¬Wª¯0­^®Ë«(>¦@®Ë¬Wª©y¤u@.©®8¯G®Ëª0¦ #¯" Wª7¦po¬Wª®Ëª«Q¦# #4 o ¦Wª}Ad%R58:%R51Q5$:.0%
58%'3[O0%wL*HO0[M#5V@14x[143:²C~k.0%RCRO0%'.@%'ukAd%'O7.01QE2CX&tÐY%'¥m1BH14&B14Oo\W +u@.7%'uRxW%'.'*H1BOV14Ad$:.0uRxW%R5vW14%2t%2.0O 5%R58O71É
ADCXO7u@.pm\dA%RCX3#5`uXyÏ#%'O0O7%'.V%'1B@[OG5`uXy`O7H%N@.C@wm1B%'3[O0MHAd$#5^ P%'3YE%Nu@3:%uRyVvW1B%'#%'.0O=5Ck505oMHAd$m
O01Bu@3#5 1Q5 58MH$#%'.oÐ#MHukM#5 a:%}.7%'ADCX1B3H143:DC@5758MHAd$:O014uk3,u@3 N ;N  91  1Q5%2¥m$H.7%R505o%Rwam\¢C58uXE'CR&4&4%w(>¦@® :« 5748/®Ë«Q¬#
	  Ê 91  ÌV:1QEGAd%RCk58MH.7%R5HuR %'&B&CX3¢CR3H1Q5ou@O0.7u@$H1)EAd%R5o 1  1Q5CX&41B@3H%w
V14O7²CX3CX3H1)58u@O7.0uk$H1QEy¤MH3#EO714uk3}ÊI5o%'% rÉl2"tmy¤uk.pwm%'OGCR14&)5TÌG ÏH%VADCROGEGH143HVy¤MH3#E^O014uk3	  Ê=N`J N  91  Ì
%'3[O0%'.5O0:%dMH$H$#%'.KtukMH3#w£uXyO0:%d%'.0.7u@.~O7H%d#%'O7O0%'.KO0H%dA%R58!1  1Q5K58MH1BO0%Rw O7uaO0H%$H.0ukH&4%'A°*





¯0­^®Ë«(>¦@®I¬WªYC@58%w¡u@3O0H%K5ou@&4M:O014uk3DuXypC.o³¬ G¦pom¨_ª7¬#- o4¯(ÑVH1)ETD1)5@14xW%23}y¤u@.O0%'O7.GCRH%Rwm.CX&!Ad%R5oH%R5^ 
H% CR$H$H.0uk$H.01)CXO7% ET:u@1QE^%VuXy&4u[E2CX&#$H.0ukH&4%2A CX$H$#%RCR.G5O0uK#%NAdu@.7%E.01BO01)E'CX&HO7#CX3²y¤u@.O7H%1Q58ukO0.7u@$H1)E





$H.0uRxW%'3>y¤u@.5o$#%RE1ÉtEhAd%58H%R5^ "&Q5ou143}rÉl'tI*:<§M:3H%'.0Opwm%2.014xW%5qCR3#wDCX3#CR&4\[/'%R5`CX3 y ªT¯0­2« #4[¦po!¯^ªª7¬Wª¯0­^®Ë«(>¦@®I¬Wª§y¤uk.VO0%'O7.GCRH%Rwm.CX&LA%R58H%5O7#CXOV#ukMH3#wH5VO0H%s%'.0.7u@. Ê 1B3dO0:% y 3Huk.0AÌ!y¤.7u@ACRtuRxW% CR3#w#%'&4uR  P"swHwm14O714uk3#CX&B&4\W*RO0H%VyËC@E^%V.0%R5o1QwmM#CR&Q5Ê¤1I %W XO7H%V@.C@wm1B%'3[O0M:Ad$#5TÌCX&Bu@3H%s58M[ÎDE%VO7uKwm%#3H%VO7H1Q5
%R58O714ADCRO0uk.'*H5o%'% <NMH3H%2.0OCX3Yw *`%'.8y,MH.0O7Fr³l'"tLy¤uk.y¤MH.0O7H%'.wm%2OGCX1B&Q5^ 
eu@:.0uRuk&Q58F[1¯G®V¦poq r j"tCR&Q5ou}1B3mxW%R5oO01BWCXO7%NO0:%>9;uk1Q505ou@3$H.0ukH&4%'A u@3,®Ëª^«Q¦##4o³¦Wª~Ad%58H%R5^ `"$m
$H&4\[143:,O0H%aA%'O0Hu[w[u@&4uk@\uXy²-VCR3HFCR3#wZ %'1)58%'.2*VO0H%'\ wm%'.714xW%Cpo³¬#-G¦po¯^ª^ª0¬Wªa¯0­^®Ë«(>¦@®I¬Wªam\
58uk&4x[143HKC po³¬#-G¦po!$H.7u@H&B%'Aa !H%©Ê @&Bu@#CR& Ì%'.7.0u@.`#u@M:3#w}.0%2&414%5;u@3C57CXO0M:.GCXO714uk3DC@5758MHAd$:O014uk3>O0#CRO











&QC'\W%'.5 " Adu[wm%2&H%R±WM#CXO714u@3 JwzL N{.N PnR1Q5;1B3mxW%58O01BWCRO0%Rw[\><NMH3H%2.0OMrÉl2m*Hl2ptHu@3dO7%'O0.CXH%wm.GCR&
Ad%R5oH%R5`ÊI5o%'%NCR&Q5ourP¥:CXAd$:&4%V|NuRy!O0:%$H.7%'x[14u@MY5P58%RE^O014uk3LÌG Ï"ªG¯0­2« #4[¦poL¯^ª^ª0¬Wªh¯7­^®I«(>¦@®Ë¬Wª1Q5`wm%'.714xW%Rw
O0YCXOtukMH3#wH5O0H% %'.7.0u@.KÊ 1B3DO0H%w²wm%'$#%'3Ywm%'3[OV%'3H%'.7@\d3Huk.0AÌ`&Bu[E'CX&B&4\}y¤.7u@A #%'&BuR CX3#wD@&Bu@#CR&4&4\
y¤.0ukA½CX#uRxW%W &u@O7%O0YCXOPO7H%`MH$H$#%'.P%'.7.0uk.;#u@M:3#w>Eu@3[OGCR143#5!%'¥:C@EO7&4\NO7H%p50CRAd%`ADCXOETH1B3Hy¤MH3#E^O014uk3









581B3H@M:&QCX.`xkCX&BMH%VuXy CN$#CX.7O01QE^MH&QCR.P.0%RE^OGCX3:@MH&)CX.`ADCXO7.01B¥L H%wm%2.014xkCRO014uk3ÊË58%'% r³l'jt Ì!1)5YC@58%w~uk3}O7H%
%2&4&HF[3HuRV3}yËC@E^ONÊr
	t ÌPO7#CXOpO0H%s58OCX3#w:CX.Gwz_CR@.GCR3H@%  Ë143[O0%'.7$tuk&QCRO014uk3aÊ V1BO0duk$#%'.GCRO0u@.GÌuXy
Cd57E'CX&)CX.V#%'&QwINu@3¢C}O7%'O0.CXH%wm.GCR&;Ad%58 1Q5V%R±WMH14xkCX&B%'3[OVO0udO7H%%Rw[@%%2&4%'Ad%23mOp143[O0%'.7$tuk&QCRO014uk3 ( uXyVO7H%².0%R5o$t%EO01BxW%>Euk3#58%'.7xkCXO01BxW%#%'&)w}P N! dÊ ( $H.0%58%'.7xW%R5%Rwmk%dE^14.GE^MH&QCRO014uk3#5*58uO0YCXO  (  Ê (  HÌ 7 ) iP!  (   7 ) ;uRxW%'.p%RC@EGDO0%'O7.GCX:%Rwm.GCR&!%Rwmk%W ÉÌ
"#%$&#'" (*),+.-0/21,/235463 7,/2198:46;<:=?>@<:;A4,+CBED:1*F:/'G2/HD:1JIKD:=L(+MGN=O<P),+QF:=O<
H%D5o#CX$#%duRysCO0%'O7.GCRH%Rwm.7u@3£E'CR3,#%DEG#CX.C@EO7%'.01B/'%Rw[\¢5814¥aM:3H14OKxW%REO0uk.G56  SRTRSR VU>w[14.0%EO0%Rw
CX&Bu@3HKO0H%s%Rwm@%5hÊ¤143d%214O0:%'.PuXyOopu$#uW575814:&4% wm1B.0%RE^O014uk3#5TÌ PH%%'&B%'Ad%'3[O@W µmºYX_µd»SZC*E`µ DFC\[R¹^] B,_`SrÉl2j"t`1Q5 CDba ;DADCXO7.014¥DVHuf58%DE^u@&4M:Ad3#5CX.0%²O0:%ÊocpCX.0O7%R581)CX3LÌsxW%REO7u@.G5   ²H%b`dcHIADCRO0.714¥
@uRxW%'.73#5VO0H%>O7.GCX3Y5y¤u@.7ADCXO714uk3at%2O8p%'%'3O0H%²cpCX.0O7%R581)CX3CX3#w%wm@%²EukAd$#u@3H%23mO5huRyVCR3¢CX.7H14O7.GCX.7\
xW%REO7u@.e143] _ ,eV ( PL`cde SQ( f *HVH%'.7%geh (  4] U CX3#wie SQ( f 4] _  "FW%'\>.0uk&4%N1B3}ukMH.VCR3#CX&B\H5o1Q51Q5P$H&)C'\W%Rw~[\>O0:% 581B3H@MH&)CX.px@CR&4MH%§wm%REukAd$#uW581BO01Bu@3i` PjlkmdcduXy
O0:%%Rw[@%s58#CR$t%sADCXO7.014¥_ UI3}$#CR.0O71QEMH&)CX.2*@O0H% (>«H«( 48(¿­2« #4 o ¦Wª .'¦po 4H¯ npoYqsr Ê2`Ì)PQd   yoYqsr ÊN`t`dc!Ì
EG#CX.C@EO7%'.01B/'%R5*CX&4k%'H.CX1QE2CX&4&B\W*LO7H%}&B%'xW%'&uXy&B143H%RCR.N143Ywm%'$#%'3#wm%23#E%>uXyO7H%²MH3H14O %Rw[@%²xW%REO0uk.G5   *
u@.2*H@%'ukAd%'O7.01QE2CX&4&B\W*@O7H%'14.p$H.0uR¥[14Ad1BOo\>O0u>u@3:%$H&)CX3H%W `+uk.0% $H.7%RE1Q5o%'&4\DÊ;rÉl2j"t Ì*
nPoYqsr ÊN`ÌUP Ad143uvwyxzA{|u  ~} eV (  }P P Ad143uvwyxzA{|u  ~} ` c e SQ( f }  Ê7l@ |ÍÌ
V14O7Ad1B3H14A²14/2CXO714uk3 C@EGH14%2xW%RwVH%'3Ee SQ( f 1)5LO0H%p%'14k%'3mxW%EO0uk.Ye oYqsr E^u@.0.7%R58$#uk3#wm143:NO0ud oYqsr Ê2`t`c!Ì &ukO0%O0#CRO nPoYqsr ÊN`KÌ PÅi1Éy CX3#w²u@3H&B\>1ÉyCR&4&_581B¥>%Rwmk%xW%RE^O0u@.5P&414%V1B3}uk3H%N$H&)CX3H%KÊ $#%'.7$#%'3#wm1)EMH&QCR.`O0ue oYqsr Ì*Í1Ë %W kO0H%O0%'O7.GCRH%Rwm.7u@3²1Q5`wm%'k%'3H%'.CXO0%f P+u@.7%'uRxW%'.'*kO0H%Vy¤u@&B&4uRV143H %'.7.0uk.q#ukMH3#waÊr³l'j"t¤ÌÏ58HuR5
O0YCXO nPoYqsr Ê2`Ì`ADC'\²#%E^u@3#5o1Qwm%'.7%RwDC@5C~kuRxW%'.03H1B3HyËCkEO0uk.hy¤uk.1B3mO7%'.0$#uk&QCXO714uk3d%'.0.7u@.5
}  ~ NOJFN } y K P }   (   J } y QNKy  >ÊYÌ'7 06yS : y
 Ê n  yoYqsr Ê2`>Ê5  Ì7Ì  R Ê7l@ ÍÌ
i^dYhTSV ^¡¢2£Q¢N ^¡^¢2 S¤6H¥:¤^¢9^V2¢@¥¤^¢,¦Y§¨¤¢2©§H ªS¤¢2« ­¬¯®V°
 js 6%  ' 	$
 
 ;s$=`(#1.&ij$=  n
%'.7% P  N,1Q5>C,ÊË58MmÎ¾E14%23mO7&4\a5oAduWu@O7LÌKEuk3#58%'.7xkCXO01BxW%}#%'&)wL* 5  1Q5>CO7%'O0.CXH%wm.GCR&%'&B%'Ad%'3[O'*
:

P w[1QCXADÊ.5  Ì*   PAd%RC@5GÊ.5  ÌG H1Q5>1Q5>Ca@&Bu@#CR&%R5oO01BADCXO7%W*PHMHO>%RCkET£O7%'.0A1B3£O0H%°58MHA
.0%'$:.0%R5o%'3mO5qO7H%K50±WM#CX.7%uXyÏO0:%%2&4%'Ad%23mOoIV1)58%143[O0%'.7$tuk&QCRO014uk3d%'.7.0u@.2 
"#%$&# /21	g/G)?- <
:/23J463 i198:;+=  +!<:1F6<:3!+KG B D:1F:/'GN/D:1
UI3O0:%14&B&4M#5oO0.CXO01BxW%`E'Ck58%VuXyCVO0.71QCX3:@MH&)CX.P%'&B%'Ad%'3[O#V14O7²CX3Hk&4%R5  * y * _ O0:%Ad1B3H14A>MHA 5o143HkMH&QCR.xkCX&4M:%uRy`O0:%| a%wm@%©58#CR$t%KADCXO7.01B¥
` P  li Euf5 581B3  JaEuf5 y581B3 y! Ê7l@ [Ì
E'CX3D#%%2¥m$H&B1QE1BO0&B\%'xkCX&BM#CXO7%Rwdxm1)CO0H% O7.GC@E^%uRyÊN`g`cLÌ   *HVH1)ETDMH&BO014A¾CXO0%2&4\\[14%2&QwH5
l
 ÊË58143 y   {581B3 y  y {£5o143 y  _ Ì  n yoYqsr ÊN`KÌ  | ÊI5o143 y   {581B3 y  y {£581B3 y  _ Ì&R Ê7l@ =WÌ





<#".%$& "/'%'Fgr³l'|ptV1B3mO7.0u[wmM#E^%Rw£C 5oMmÎDE^14%'3[O²Eu@3[xW%'.7@%'3#E^%DEu@3Ywm14O714u@3£.7%R±ÍM:14.01B3HaO0YCXOCX&4&w[14H%Rw[.GCX&CX3Hk&4%R5^*[C@5;p%'&4&:C@5`CX&B&ÍyËCkE%CX3:@&4%5*@#%V#u@MH3Ywm%Rw²C{C'\y¤.0ukAvfP Ï".GCRO0H%2.`581BAd$H&4%`&BuXp%'.tukMH3#w>uXynPoYqsr 143>O7%'.0A¾5 uRyLO7H%wm1BH%Rwm.CX&#CR3#w©yËCkE%CX3:@&4%5qE2CX3>#%k14xW%'3©CX3#w>V14&B&m#%$H.0%58%'3[O0%Rw %'&Q5o%'VH%'.7%W 
H% Ad143:14A>MHA 5o143HkMH&QCR.Vx@CR&4MH%KCR3#w<#".'$& "/'%2FDEu@3Ywm14O714u@3Y5CR.0% %R±WMH14xkCX&B%'3[OVC@5C@5o\mA$HO0ukO01QEsE.01BO0%'.71QCuXypE^u@3[xW%'.0k%'3#E%uXy`$:14%RE%2V1Q58%^I&B143H%RCR.`143[O0%'.7$tuk&QCRO014uk3Du@3C©yËCRAd14&B\>uXy`O7%'O0.CXH%wm.GCR&!Ad%R58:%R5 
?WCXAd%2O r³l'i"tÏ#C@5Nu@:OGCX1B3H%Rwa143[O0%'.7$#u@&QCRO01Bu@3a%'.7.0u@.stukMH3#wH5 MH3#wm%2. ±ÍM:14O0%K@%'3:%'.GCR&`C@5758MHAd$:O014uk3#5 
]Hu@.O0%'O7.GCX:%Rwm.GCR&!%'&4%2Ad%'3[OG5*WO7H%kuXxW%2.03H1B3HyËC@EO7u@.sEuW5(>143?WCXA%'O 5%R58O714ADCRO0% E'CR3#% u@HOCX1B3H%Rw
y¤.0ukA O0H%.01B@[O0Aduf58O`%'¥[$H.0%R57581Bu@3²143Ê0l@ |ÍÌ!y¤u@. nPoYqsr m\²5o14Ad$H&B\ .0%'$H&)C@E1B3H O0H%s|Ë3Huk.0A 143.] U V14O7
O0H% ,Ë3Hu@.7Aa 
ÀÁ*)    ? V,ÇÆ,+ Ä,-  Æ  Ã Â NÄ,Ä> Â   ? - ÂWÃ~?@ ?Ã 




.0%R5oMH&4O5 ÏH%O7%R58OÏ$H.0ukH&4%'A¿Eu@3Y581Qw[%'.0%Rw1)5;O0:%N5oO0%RCkwm\>kem\[$#%'.0#uk&41QE`%R±WM#CXO714u@3 C 72 NOP i[*mCR3#w
CN58OCX3#w:CX.Gw}vÍbN9J,#3H14O7%%'&B%'Ad%'3[O#Ad%'O7Hu[w r³l@l t[1Q5!M#5o%RwL*@#Ck58%Rw u@3²CR3>MH3#58O7.0M#E^O0MH.7%RwO7%'O0.CXH%Rw[.GCX&
Ad%R5oV14O7&B143H%RCR.P#Ck581Q5!y¤MH3#EO714u@3Y5  ÊBPÌCX3#w>O0%R5oO;y¤MH3#E^O014uk3#5.  ÊBPÌ/  {10'C 72  wm%#3:%Rw>CXOP%C@EG
uXy`O7H%43  3:u[wm%R5`B   VH%K$#CX.CXAd%2O0%'.50¡1Q5wm%Y3H%RwDC@5NCR3%'&B%'Ad%'3[Op±ÍMYCX3[O014Oo\W*60 0 P 7: 0 h* Ci
y¤u@.`5ou@Ad%pAd%RCk58MH.7%uXy_O7H%%'&B%'Ad%'3[OL&B%'3HkO0 : 0 *@OCXFW%'3>:%'.0%pO0uN#%VO0:%VAd143H1BA>MHA %'&4%'A%'3mO_H%'1B@[O'*
CX3#wDO0H% .7%R58MH&BO01B3H>&41B3H%RCX.{58\:58O7%'A 1Q5V5ou@&BxW%Rw}M#5o143H²O0H%KU0z_b$H.0%Eu@3#w[14O01Bu@3H%w°Js+ )rv}A%'O0Hu[w_ 
UI3u@.Gw[%'.dO0uEu@Ad$YCX.0%O0H%aOopu£C@wHCR$HO01BxW%aCR&4@uk.01BO0HAD5>#%'143:£Eu@3Y581Qw[%'.0%Rw_*5oOGCR3#wHCX.w Y3H14O7%
%'&4%2Ad%'3[O98:G¹Rµ;<µ0D£µ=< [ 1Q5swm.01BxW%'3[\58u@&Bxm1B3HDCd$H.7u@H&B%'AV1BO0aCdF[3HuRV3¢58uk&4MHO714u@3CX3YwM#581B3H
O0H%   3Huk.0A uRy`O0:%¡¯?>k¦#®;%2.0.0uk. kÊBPÌPu@3%RC@EGD%'&4%2Ad%'3[O' H% O0ukOGCX&   %'.7.0u@.2*#k*mADC'\²O0H%'3#%














0  y  )T P ;  0 |n
	 U   )  y J,)  )VJ,) y )
 J,) _ )OU){ U   ) y Ê7l@ ;ÍÌ
VH%'.7% 0 1Q5LO0:%qxWuk&4MHA%;uRyH%'&B%'Ad%'3[O5¢ %'.0%f* )  wm%'3HukO0%R5!O0H%pwm1B.0%RE^O0%Rw%wm@%p58%Eu@3#w wm%2.014xkCRO014xW%y¤u@.CR3%Rw[@% PWÊB  +B^Ì`O7#CXOsEu@3:3H%REO5O0H% 3Hu[wm%5B  CR3#weB2 `UIOV1Q5k14xW%'3d[\
)   P' N!ÊB  ÌJ  N!ÊBGÌ! 7WÊB  J3BÌ 7   y  V1BO0     P } B  JB } R Ê7l@ ³n@Ì
"3Hu[wm% AduRxW%'A²%'3mOÏ50EGH%'A%1Q5`O0H%23Dwm%'xW%'&Bu@$#%Rw>m\>MY58143:>O0H%%Rwmk% 58%RE^u@3#wdw[%'.01Bx@CRO01BxW%R5VÊ0l@ ³n@ÌC@5
%214@[OG5`143DO0:%§y¤uk&4&BuXV1B3H>%214@[O0%w¡C'xW%'.CXk%N%'¥[$H.0%R57581Bu@3dy¤u@.O0H% 3Hu[w[%$#uW5o14O01Bu@3!*
B (" P #     )   B#      )   V14O0  PWÊB  +B^ÌR Ê7l@ 	ÍÌ
H% 3Hu[wHCR&P$#uW5o14O01Bu@31Q5VMH$_wHCXO7%Rw¡[\ B %$ Ê0lxJ%&  Ì=B  {'&  B(" VH%'.7%(&  1Q5VC²50Cy¤%2O8\²yËC@EO7u@.sCXO
%RCkETD3Hu[wm% B  O7#CXO$H.7%'xW%'3[OG5O0:%A%R58dy¤.0ukA #%REukAd143H>OCX3Hk&4%Rw_ vW%'xW%'.CX&58M#EG1BO0%'.CXO01Bu@3#5CX.7%
$#%'.8y¤uk.0Ad%wdCXOV%RCkETI7Ë.0%#3:%'Ad%'3[OV5oOGCXk%²Ê VH1)ETD1Q5M:3#wm%'.7OGCXFW%23¡$:.014uk.VO0u :mI.7%#3H%'A%'3mO^ÌG 
]HMH.0O7H%'.{wm%'OGCR14&)5quXyÏO0:%NO0%R5oOV$H.0ukH&4%2A CR.0% 5oHuRV3143¾];14kMH.0%>lk DÊËC>|@ey¤u@.7A uXyÏO0H%s$H.0ukH&4%'A
1Q5KCX&)58u¢143#E&BM#wm%Rw¢O0u¢CX1)w£Eu@Ad$:.0%'H%23#581Bu@3LÌ "VOO7H%d1B3mÐ#uRÑ#ukMH3#wHCR.0\W*V:%'.0%IC 7 <vki[*qO7H%
14A$tuf58%Rw58u@&BMHO01Bu@3£1Q5>w[%#3H%Rw,O7ua#C'xW%DC O7H143xW%'.0O71QE'CR&&QC'\W%'.KCkE.0uf505>VH1QEGFNxkCR.014%5&4143:%RCX.7&4\
y¤.0ukA ldO7uai[ :%D58uk&4MHO714u@3£V1BO0H1B3 O7H%wmu@ADCR143¢1Q5 O0H%'.7%y¤u@.7%Dwm%Y3H%Rw [\aO0H%¾Eu@3[xW%REO714u@3¢uXy
















wm1Bxm1)wm%Rw143[O0u©581B¥²5814A14&QCR.PO0%2O0.GCRH%Rwm.Cm `];1B@MH.7%lk =KEu@Ad$YCX.0%5O7H%O0u@OCX&_%'.0.7u@.qy¤uk.O7H%K:mpCR3#w :
7
.0%^#3H%'Ad%23mOp50EGH%'A%R5 H%!: 7Ë.0%Y3H%'Ad%'3[OV57ET:%'Ad%s5814k3H1ÉtE'CX3[O0&B\}.7%RwmM#E%5O0H% %'.7.0u@.u@3°C@1BxW%'3
 js 6%  ' 	$
 






















uRxW%'.Vl'iki@iki@i3Hu[wm%5MY58143:1)58ukO0.0uk$H1QEx:mI.7%#3H%2Ad%'3[O' !];1B@MH.7% l@ ;5oHuR5qOousO0%'O7.GCX:%Rwm.GCy¤.7u@A O0:%
#3#CR& :
7Ë.0%#3:%Rw Ad%R5oa143¢O0H%².0%2@14uk3 Ê  mÌ ~r iKR= Gi\R pt&aUr i\R³nGiKR	"t,aUr i\R4lzGi\R |"tË dUIO 1Q5 58%'%23
O0#CROO7H%M:$H$#%'.O7%'O0.CXH%wm.0uk31Q5VCR&41B@3H%RwDV14O7¡O7H%&)C'\W%'.'*[CX&BO0HukMH@a&)CX.7@%1B3mO7%'.03YCX&!CR3H@&B%R5#C'xW%
#%'%'3D$H.0u[w[M#E%RwL pUI3Eu@3[O0.C@58O2*HO0H% &BuXp%'.O7%'O0.CXH%wm.0uk31Q5&B%R505p%'&4&³oCR&41B@3H%Rw_ 







 Ã Ä	  ? Æ
 ?@ ?Ã 
c`u@&B&QCX#uk.GCXO714uk3#%'Oo%2%'3£O0H%@.0ukMH$#5dCROc`H%'A3H14O7/DCX3#wz#%2%RwH5}#Ck5}#%'%'3 58MH$H$#uk.0O0%w m\£O0:%
e"s"Ne CX3#w¢-.01BO01)58 c`ukMH3#E1B&PMH3#w[%'. O0H%²" )c $H.7u@k.GCXAAd%W  H%²uk.0FuRy" CX3#w,Js<Ê2%2^|
CX3#wDWÌPVCk5$#CX.7O01)CX&4&B\²58MH$:$tuk.0O7%Rw¡[\>O0H%§eN]J½Êov[]P-@jkÍÌ H%su@.7F}uRy`UoCR3#wD"N9Ê2G[ÌPVCk5
58MH$:$tuk.0O7%Rw¡1B3¡$YCX.0O[\dO0H% &vÍ] HH% pu@.0FuXyp+Z Ê2^WÌ{C@5V5oMH$H$#u@.7O0%Rw[\}O7H%Kr`9{v )c 
 ? - ?  ?Ã  ? 
r³l tK! _"$#%'&PÊ7l'j@jkjÍÌ ':«É­2¬@®Iª7¬¨_«H«4®o¯²¯o4¯(}¯[® ­ ¬ G¦po!¯0­^®Ë«(>¦@®o¯0­²¦#/ D¦¨W¨
o³«G¦@®Ë«Q¬#Í­^ p"NwÍ
xkCX3#E%5h1B3	&MHAd%'.71QE'CR&#+aCXO7H%'ADCRO01QE25 [ %2MHH3H%'.2*LvWO0M:O0O0fCX.7O' 
r |"tK! H"$t%2&LCR3#wD+, [eu@H.7uRu@&)58F[1PÊ7l'j@jk|ÍÌ `"3H1Q5ou@O7.0u@$:1QEV143[O0%'.7$tuk&QCRO014uk3dV14O7dCR$H$H&B1QE'CRO014uk3#5qO7u










r ptK! `"$#%'&CR3#w£] `+14&)wm%aÊ7l'j@j ;ÍÌ Åc`ukAd$#CX.71Q5ou@3£uXyK5o%'xW%'.CX&A%R58,.7%#3H%2Ad%'3[O 58O7.GCXO7%'@1B%R5
3H%RCR.V%Rwmk%R5 `¬#( (Oq 4 (}¯^ªq¯G® :¬  X­ fª 0q³*!l2|=WnR'g[O	[l@ 
r "tK! "$#%'&`CR3#wv# &1)E'CX1)58%Ê0l'jkjO	WÌG H%~Y3H14O7%>%'&4%'A%'3mOVA%'O0Hu[waV14O7¢CX3H1)58ukO0.0uk$H1QE²Ad%R58
@.C@wm1B3Hy¤uk.P%'&4&B14$HO71QE!$H.0ukH&4%2AD5L143©wmu@ADCR143#5!V14O7>Euk.03H%2.G5CX3#w%Rw[@%R5^ ¢¦@®
q,¯G®:¬  X­ ¨W¨
oq
	 '«q³*_|ml =[l'jgÍXfjm 
r<;"tKUG '-VCRHM "5oFkCNCX3#wK" =<> 2"/'14/{Ê0l'jWn ;WÌG H3O7H%pCX3Hk&4%pEuk3#wm14O714uk31B3 O0H%P#3H1BO0%`%'&B%'Ad%'3[OHAd%'O7Hu[wL 
	
   




q 	 '«q `¬#(¨q³*!l2j=|ki@[lTg#l2i;kim 
r
	"tK" W-uf5057Cx[14OÊ7l'jO	Q	ÍÌ P" .GCRO01Bu@3#CR&4%Vy¤u@.  %Rwmk%%'&B%'Ad%'3[O75 '1B3d'oeÅY%'&QwH5`EukAd$HMHOCXO714u@3Y5 
 
:ª0¦#Í­q ¦ # q³*#|R Én2Xg:nRjm 
r j"tK+, _eu@H.7uRu@&)58F[1I*!v# !J. ,Cy{CX3Yw c !9;Ð_CXMHA Ê0l2j@j@jWÌG 3aC²$tuf58O7%'.01Bu@.01Ï%'.0.7u@.%R58O714ADCRO0u@.5h1B3
O0:%q#3H1BO0%`%'&B%'Ad%'3[O#Ad%'O0:u[w§uk3>CR3H1Q5ou@O0.7u@$H1)EAd%R5oH%R5 Vo4¯""q:ª0¦#Í­q 4 (}¯Tª q 'H¦poq³* 	= ;gfWm 
rÉl2i"tK9;  ?WCRAd%'O¢Ê0l2jÍn ;ÍÌG r`58O714ADCRO014uk3#5w[%,&  %'.0.7%'MH.$#ukMH.¢wm%R5 $%'& $%'Ad%'3[OG5>#3H1Q5aw[.0u@1BOG5$H.7%R±WMH%
w$%' $%'35$%'.6$%R5 h¦W«Qª0¬ 'H¦po/q 48(}¯^ª q³*!l2i Wg ;@i[ 
rÉlkl t>c !?@ukH3#58uk3 Ê7l'jQ	Ín@Ì  48(}¯^ª«G¦po­2¬po 4Í®Ë«Q¬#,¬ 5¨:¦WªT®Ë«Q¦po  W«  ¯^ªT¯[®I«Q¦po`¯ 4[¦@®I«Q¬#Í­ -¾®#¯ H«4®o¯
¯o4¯(}¯m®'(}¯G® :¬  @ `cpCXA²H.01)wm@% b3H14xW%'.581BO8\²9P.7%R505^ 
rÉl2|"tK+, H<#".%$& "/2%'FaÊ0l2j@jk|ÍÌG V3dO0:%A¾CX¥[14A²MHA½CX3Hk&4%KEu@3Ywm14O714u@3dy¤uk.V&4143:%RCX.pO0%'O7.GCX:%Rwm.GCR&!%'&4%2Ad%'3[OG5 
	
   
q 48(}¯^ªq ':¦poq³*#|@j%=ml2gÍ@|@iH 
rÉl2"t>JK N<NMH3H%2.0O,Ê7l'jkj@jÍÌ ¨:¬X­^®o¯^ª«Q¬Wª^«}¯^ª^ª0¬Wª ¯0­^®Ë«(>¦@®Ë«Q¬# 52¬Wª¢¦#H«É­2¬@®Ëª0¬¨_« ®o¯G®Ëª0¦ #¯" Wª7¦poN¦#/ 
®Ëª«Q¦# 4 o³¦Wª H«4®o¯¯;o4¯(}¯m®!(}¯7­ #¯0­^ 9 =e KH%R5o1Q5*²Vb c`H%'Ad3H1BO0/Ê¤mO7O0$ 2VV  O7Mm
EGH%'Ad3H1BO0/W wm%!'$HMH"Wl'jkj@jRi@i[l'|'143Ywm%'¥_ [O0Ad&¤ÌG 
rÉl^pt>JK <NMH3:%'.0ODÊ7l'j@jkjÍÌ "3C $#uW5oO0%'.714uk.01.0%R5o1QwmM#CR&V%'.0.7u@.²%R58O714ADCRO0uk.y¤u@.²O0H%d#3H1BO0%%'&4%'A%'3mO
Ad%'O7Hu[wdu@3CX3:1Q58ukO0.7u@$H1)EO0%2O0.GCRH%Rwm.CX&!Ad%58H%R5^ P!u²CX$H$#%RCR.N143# 4 (}¯Tª q ¦@® 
q
rÉl2"t>JK P<NMH3H%2.0O>CR3#w)  *`%'.oy,MH.7O0Ê7l'j@jkjÍÌ r`wmk%d.0%581Qw[M#CX&)5wmukAd143#CRO0%C¡$#uW5oO0%'.714uk.01%2.0.0uk.%R5I
O01BADCXO7%R5hy¤uk.&B143H%CX.#3:14O0%²%'&B%'Ad%'3[OVAd%'O7Hu[wH5Nu@3CX3H1)58ukO0.0uk$H1QE²O0.01)CX3HkMH&QCR.KCX3#w O7%'O0.CXH%wm.GCR&
Ad%R5oH%R5^ P!udCR$H$#%RCX.143# 4 (}¯^ªq ¦@® 
q
rÉl;"tK<> ÉJK NvW14%2t%2.0OaÊ7l'j@j ;ÍÌ "3 C$#uf58O0%2.014uk.01 %'.7.0u@.D%R5oO01BADCXO7u@.}y¤uk.aCX3:1Q58ukO0.7u@$H1)E .7%#3H%'A%'3mO2 
 4 (}¯^ªq¢¦@®
q³*tn=WnR'g[@jQ	m 
rÉlRntK?H Éz [vW\m3:@%KÊ0l'jkÍnkÌG  #¯ G¨#¯^ª9'«Qª" o4¯{« (>¦@®#¯(>¦@®I«G¦poW¨/'­2«T­%$Ï¦ (}¯G®:¬  652¬Wªh®#¯¦¨W¨_ª7¬ > «(>¦@®o¯N­2¬po 4Í®Ë«Q¬#a¬ 5 -G¬#48/ W¦Wª& .'¦po 4Y¯¨_ª0¬#- oB¯(­^ cpCXA²H.01)wm@%§b3H14xW%2.G581BOo\²9.7%R505^ 
rÉlT	"tKUG =" 2V58MHFW%2.0ADCR3>Ê0l2j@jO	WÌG [",@%'3:%'.GCR&[C@E'EM:.GC@E^\ E.01BO0%'.714uk3y¤u@.L#3:14O0%`%'&B%'Ad%'3[O#CR$H$H.0uR¥[14ADCRO01Bu@3! 

 ':ª0¦#Í­q ¦ # q³*#R =|RW|kg#l^W| 	[ 
rÉl2j"tKUG =" :V58MHFW%2.0ADCR3aÊ0l2j@jO	WÌG s"$H$H.7uX¥[14A¾CXO01Bu@3²uXypE^u@3#5o%'.0xkCXO714xW%N#%'&)wH5CX3#wDO0H% %'&B%'Ad%'3[OW=%Rwmk%
58YCX$#%ADCRO0.714¥ 4 
 'Hª7¦#Í­q ¦ # q³*#X =k|X 	'g[k|@Hl@ 
